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Some questions

Question 1. How should we characterize, quantify
and estimate rates of viral spread?

Question 2. Can we develop a single model that relates
genetic changes to enhanced spatial contagion?

Question 3. Can we leverage both sequenced and
unsequenced cases?

Question 4. How might we quantify our uncertainty?
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Part 1. Phylogenetic Hawkes process
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The challenge

You are given

1. spatiotemporal coordinates (xn, tn) for n = 1, . . . ,N viruses;

2. the evolutionary history of a small subset of viruses.

You are tasked to

1. use this data to discover whether certain branches have
greater contagiousness;

2. quantify your uncertainty with respect to the relevant quantity.
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Two paradigms
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Hawkes process
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λ(t) = µ+ ξ(t) = µ+
∑
tn<t

g(t − tn)
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Spatiotemporal Hawkes process
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λ(x, t) = µ(x) + ξ(x, t) = µ(x) +
∑
tn<t

g(x− xn, t − tn)
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Variable degrees of contagion

One can tailor the triggering function to change for each
observation (Schoenberg et al., 2019):

λ(x, t) = µ(x) +
∑
tn<t

gn(x− xn, t − tn) .

In the following, I specify

µ(x) =
µ0

τDx

N∑
n=1

φ

(
x− xn
τx

)
I[x 6=xn]

and

ξ(x, t) =
θ0ω

hD

∑
tn<t

θn e
−ω (t−tn)φ

(
x− xn

h

)
.
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The challenge
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Brownian phylogenetic diffusion
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Brownian phylogenetic diffusion

Associate to each tip n of a rooted, M-tipped, binary tree a
Brownian motion zn, centered at its parent node zpa(n). Then

zn|zpa(n) ∼ Normal(zpa(n), tn σ
2) ,

for tn the branch length of node n to its parent.

Write the joint distribution as

z ∼ NormalM(0, σ2V)

for

[V]n = tn + tpa(n) + tpa(pa(n))+...

[V]nn′ =

{
[V]n − tn, pa(n) = pa(n′)

0, o/w Zhang et al. 2019
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Log link on productivities

Recall our self-exciting rate function:

ξ(x, t) =
θ0ω

hD

∑
tn<t

θn e
−ω (t−tn)φ

(
x− xn

h

)
,

and define{
θn = θn(zn) = exp (zn + βtn) zn ∈ R , n ∈M
θn = 1 n /∈M .
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Phylogenetic Hawkes process

16



Part 2. Bayesian inference
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Likelihood based inference and Bayes

Assume data generated according to yn
⊥∼ f (yn|θ, zn) with prior

distributions θ ∼ pθ(θ) and (z1, . . . , zN) = Z ∼ pz(Z).

Bayes’ theorem says:

p(θ|Y) =
f (Y|θ) pθ(θ)

f (Y)
=

∫
Z f (Y|Z,θ)pz(Z)dZ pθ(θ)∫

Θ

(∫
Z f (Y|Z,θ)px(Z)dZ

)
pθ(θ)dθ

,

where f (Y|θ,Z) =
∏N

n f (yn|θ, zn) is the likelihood function and
f (Y|θ) is the marginal likelihood.

18



Random walk Metropolis
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RWM requires likelihood evaluations

Our Hawkes process likelihood scales O(N2):

`(X, t|µ0, τx , θ0, θ, ω, h) = −Λ(tN ) +
N∑

n=1

log λn

=
N∑

n=1

{
log

[
N∑

n′=1

(
µ0 I[xn 6=xn′ ]

τDx
φ

(
xn − xn′

τx

)
+
θ0θn′ω I[tn′<tn ]

hD
e
−ω (tn−tn′ )φ

(
xn − xn′

h

))]
− Λn

}

:=
N∑

n=1

log

 N∑
n′=1

λnn′

− Λn

 .
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Random walk Metropolis
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Hamiltonian Monte Carlo
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Hamiltonian Monte Carlo

Augment parameter space with auxiliary Gaussian variable p and
construct a Hamiltonian energy function:

H(z, p) = − log(π(z)× φ(p))

∝ − log π(z) +
1

2
pTp .

New states of the Markov chain are proposed by forward
integrating Hamilton’s equations:

dz

dt
=
∂H

∂p
= p

dp

dt
= −∂H

∂z
= ∇ log π(z) .

Numerical simulation induces discretization error, which we correct
with a Metropolis accept-reject step.
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Hamiltonian Monte Carlo

Benefits. HMC computes high-dimensional integrals;
scales to 30,000+ parameters.

Challenges. HMC necessitates repeated computation of
log-likelihood and its gradient (best case O(N)).
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HMC for variable rates?

I The Hawkes likelihood scales O(N2)X
I But the Hawkes log-likelihood gradient also scales O(N2)

∂`

∂θn
= −∂Λn

∂θn
+
∑
tn<tn′

1

λn′

∂λn′n
∂θn

= θ0

(
e−ω (tN−tn) − 1

)
+
∑
tn<tn′

1

λn′

θ0ω

hD
e−ω (tn′−tn)φ

(
xn′ − xn

h

)
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Parallelization tools

Central processing unit (CPU):

1. Global parallelization: 2 to 60 cores (multi-core)

2. Local parallelization: single instruction multiple data (SIMD)

Graphics processing unit (GPU):

1. Thousands of cores (many-core)

2. Single instruction multiple threads (SIMT)

3. High memory bandwidth (not strictly maths anymore)
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Parallel gradient calculations
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Non−vectorized
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Significant speedups
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Part 3. Ebola outbreak of 2014-2016
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2014-2016 Ebola virus outbreak in West Africa
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I 1,610 sequenced viruses (1,367 of which have locations data)

I 21,811 unsequenced cases
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Posterior inference

Generate 20 million Markov chain states (∼ 6 million samples/day
on Nvidia GV100)
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Biologically modulated rates
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Part 4. Much work to do
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Model development

1. Is the linear temporal downtrend sufficient?

2. Variable spatial bandwidths (Park et al., 2019)
parallelizable after precomputing

3. (Everything else in the modern Hawkes toolbox)

4. Going global (probably) requires multivariate approach
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Computational development

1. Overhaul structure of hpHawkes

2. Faster gradients by approximation (NNs, stochastic gradients,
P3M)

3. DNNs predict trees from RNA

4. Fast multivariate Hawkes inference
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Thank you!
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